Some new theta function identities are proved and used to determine the number of representations of a positive integer n by certain quaternary quadratic forms.
Introduction
Let N, N 0 , Z, Q, R and C denote the sets of positive integers, nonnegative integers, integers, rational numbers, real numbers and complex numbers respectively. For q ∈ C with |q| < 1 Ramanujan defined the one-dimensional theta function ϕ(q) by In [1] the authors determined N(a, b, c, d; n) (n ∈ N) for the following quaternary quadratic forms: For all of these seven forms, N(a, b, c, d; n) was given in terms of the arithmetic functions A(n), B(n), C(n) and D(n) given in Definition 2.1. In this paper we consider the sixteen forms 
and show that N(a, b, c, d; n) for these forms can be given in terms of A(n), B(n), C(n), D(n) and the two additional arithmetic functions E(n)
and F (n) defined in Definition 2.2.
Notation and Preliminary Results
For q ∈ C with |q| < 1 we set Using Proposition 2.1 in conjunction with the following well-known basic properties of ϕ(q) ϕ(q) + ϕ(−q) = 2ϕ(q 4 ), (2.4) ϕ 2 (q) + ϕ 2 (−q) = 2ϕ 2 (q 2 ), (2.5) and ϕ(q)ϕ(−q) = ϕ 2 (−q 2 ), (2.6) we obtain ϕ(−q j ) (j ∈ {1, 2, 3, 4, 6, 12}) in terms of p and k.
Proposition 2.2.
(a) ϕ(−q) = (1 − p) 3/4 (1 + p) 1 
In [1, Definition 3.1] we introduced the multiplicative arithmetic functions A(n), B(n), C(n) and D(n).

Definition 2.1. For n ∈ N we set
The following result was given in [1, Theorem 3.1].
Simple consequences of Proposition 2.3 are
The next result was deduced from the work of Petr [20] , see [1, Theorem 3.2] .
Solving for the quantities ϕ(q)ϕ
, we obtain the following result, see [1, Theorem 3.3] .
Proposition 2.6.
Proof. See [2, Theorem 2.1].
Proposition 2.7.
Proof. Replacing q by q 3 in Proposition 2.6, and using the identity (2.6) with q replaced by q 12 , we obtain Proposition 2.7.
Definition 2.2. For n ∈ N we set
Proof. If i and j are both odd and 4n = i 2 +3j 2 then 4n ≡ 1+3 ≡ 4 (mod 8), so n is odd.
Clearly, as
we have
Proof. (a) Appealing to Proposition 2.8 and (2.7), we obtain
Now, by (2.4), we have
Appealing to (2.8), Proposition 2.6, (2.6) (with q replaced by q 4 ) and (2.9) (with q replaced by q 3 ) we obtain part (a).
(b) Appealing to Proposition 2.8 and (2.7), we obtain
Appealing to (2.10), (2.9) and Proposition 2.7, we obtain part (b).
Proof. (a) We start with the identity
Multiplying both sides by
we obtain
By Propositions 2.1 and 2.2, we have
and part (a) follows.
as asserted.
(d) We start with the identity
By Propositions 2.1 and 2.2 we obtain
Theorem 2.3.
(a)
Proof. (a) By Theorem 2.1(a) and Theorem 2.2(b), we deduce
Replacing q 4 by q, we obtain appealing to Theorem 2.2(d)
which is part (a).
(b) By Theorem 2.1(b) and Theorem 2.2(b), we have
Replacing q 4 by q, we obtain appealing to Theorem 2.2(a)
which is part (b).
We conclude this section by giving some arithmetic properties of E(n) and F (n). These properties can be used to slightly simplify Theorem 7.2 and Corollary 7.1 when n is odd by splitting into subcases modulo 3 and/or modulo 4. However we do not do this.
Proof. (a) We have
Proof. Let n ∈ N be odd. First we observe that by (2.7) we have (replacing i by j + 2k)
Thirdly, we see that (as n = j
by (2.12).
Fourthly, we have (
by (2.12) and (2.13).
Finally
by (2.7), (2.12), (2.13) and (2.14), so that
3 The power series of ϕ
We see from Proposition 2.5 that the coefficients of q in the power series expan-
In Sections 3-6 we determine the power series expansions of ϕ
3 ) in powers of q and show that they involve A(n), B(n), C(n), D(n), E(n) and F (n), see Theorems 3.1, 4.1, 5.1 and 6.1. These four products of theta functions occur in Theorem 2.3 together with those obtained from them by replacing q by −q.
In this section we determine the power series expansion of ϕ 3 (q)ϕ(−q 3 ) in powers of q. Theorem 3.1.
We require a lemma before proving Theorem 3.1. 
Proof of Theorem 3.1. By Lemma 3.1 we have
On the other hand we have
Equating the two expressions for
From Theorem 2.3(b) we have
Adding these two equations, and dividing by 2, we obtain
as asserted. 
We require a number of lemmas. For n ∈ N we set
Proof. Let n ∈ N satisfy n ≡ 0 (mod 4). Set
is a bijection. Thus
Lemma 4.2.
Let n ∈ N be such that n ≡ 0 (mod 4). Then 1, 1, 3 ; n/4) + 6R(n/4). Thus (1, 1, 1, 3 ; n/4) + 6R(n/4), by Lemma 4.1.
Lemma 4.3.
Let n ∈ N be such that n ≡ 0 (mod 4). Then   N(1, 1, 3, 4; n) = N(1, 1, 1, 3 ; n/4) + 4R(n/4).
by Lemma 4.1. The asserted result now follows. 
Proof. By [1, Theorem 4.1] we have
Hence, by Proposition 2.3, we obtain for n ≡ 0 (mod 4)
Then, by Lemma 4.4, we deduce
as claimed.
Proof. If x 2 + y 2 + 3z 2 + 4t 2 = n ≡ 2 (mod 4) then x 2 + y 2 + 3z 2 ≡ 2 (mod 4) so x ≡ y (mod 2) and z ≡ 0 (mod 2). Hence
so that by [1, Theorem 5.1] we have
if n ≡ 2 (mod 4).
Proof. This follows from Lemmas 4.5 and 4.6.
Proof of Theorem 4.1. We have by Lemma 4.7
On the other hand we have by (2.4) and Proposition 2.5(b)
from which we obtain
From Theorem 2.3(a) we have
Adding these two equations, and dividing by 2, we deduce
The power series of ϕ(q)ϕ
In this section we determine the power series expansion of ϕ(q)ϕ 2 (q 3 )ϕ(−q 3 ) in powers of q. The method of proof follows that of Theorem 4.1.
Theorem 5.1.
We require a number of lemmas before giving the proof of Theorem 5.1. For n ∈ N we set
Lemma 5.1. Let n ∈ N be such that n ≡ 0 (mod 4). Then
The mapping g :
as claimed. Thus (1, 3, 3, 3 ; n/4) + 6S(n/4), by Lemma 5.1.
Lemma 5.3. Let n ∈ N be such that n ≡ 0 (mod 4). Then   N(1, 3, 3, 12; n) = N(1, 3, 3, 3 ; n/4) + 4S(n/4).
Proof. If x
Thus N (1, 3, 3, 12; n) = N(1, 3, 3, 3 ; n/4) N(1, 3, 3, 12; 
Proof. By [1, Theorem 8.1] we have
Hence for n ≡ 0 (mod 4) we have by Proposition 2.3
Then, by Lemma 5. 4 , we obtain
for n ≡ 0 (mod 4).
Then, by [1, Theorem 10.1] and Proposition 2.3, we have for n ≡ 2 (mod 4)
Proof. This follows from Lemmas 5.5 and 5.6.
Proof of Theorem 5.1. By Lemma 5.7 we have
On the other hand we have by (2.4) and Proposition 2.5(a)
Adding these two identities, and dividing by 2, we obtain
6 The power series of ϕ(q)ϕ
In this section we determine the power series expansion of ϕ(q)ϕ 3 (−q 3 ) in powers of q. The proof is similar to that of Theorem 3.1.
Theorem 6.1.
We need a lemma. Thus   N(3, 3, 3, 4; n) = N(1, 3, 3, 3 ; n/4)
by [1, Theorem 10.1] and Proposition 2.3.
Proof of Theorem 6.1. We have by (2.4) and Propostion 2.5(a)
On the other hand we have by Lemma 6.1
Thus, equating the two expressions for
By Theorem 2.3(a) we have
and the eight products formed from them by replacing q by −q.
Theorem 7.1.
Proof. We just give the proof of formula (n) as the rest can be proved similarly. We have by (2.4)
The power series expansions of the products listed in (7.2) are given in Proposition 2.5 and Theorems 3.1, 4.1, 5.1 and 6.1. Using these in Theorem 7.1 we obtain our main result.
Appealing to Theorem 7.2 and Proposition 2.3, and using the identity
we obtain the following corollary, see Liouville [6] - [19] . 
Conclusion
We conclude by noting that the quantities R(n) and S(n) used in Sections 4 and 5 respectively can be determined explicitly. Replacing n by 4n in Lemma 4.2 we obtain R(n) = 1 6 (N(1, 1, 1, 3; 4n) − N(1, 1, 1, 3; n) ) . , we can obtain an explicit formula for S(n). We leave this to the reader. The methods of this paper can be used to determine explicit formulae for  N(a, b, c, d ; n) (valid for all n ∈ N) for other forms ax 2 + by 2 + cz 2 + dt 2 , see for example [3] , [4] .
